
SPECIALUSIS UGDYMAS / SPECIAL EDUCATION 2022  2 (43) 

794 
 

DOUBLE OUTER INDEPENDENT EDGE DOMINATION IN GRAPHS 

SRINIVASA G 
Professor, Department of Mathematics, New Horizon College of Engineering, Bangalore-560103, Karnataka, India. 

gsrinivasa1974@gmail.com 

MAHALAKSHMI 
Assistant Professor, Department of Mathematics, REVA University, Bangalore-560064, Karnataka, India. 

mahalakshmi4131@gmail.com 

ANIL R. SEDAMKAR 
Senior Lecturer, Department of Science, Government Polytechnic Afzalpur, Kalaburagi-585301, Karnataka, India. 

anil.sedamkar@gmail.com 

MANJUNATHA 
Professor, Department of Mechanical Engineering, New Horizon College of Engineering, Bangalore-560103, Karnataka, 

India. manjunatha.princi@gmail.com 

 
 

ABSTRACT: 
 We introduce the concept of double outer independent edge domination in graph. The set S  of edges of a 

graph G , in which every edge of graph G is dominated by at least two edges of S , and the set of edges ( )E G S−  is 

free means no two edges are adjacent, is called double outer independent edge dominating set of  a graph G , 

represented by '

doi - set of G . The least number of edges contained in this set is called '

doi - number of G .  Initially, 

some straight forward and inequality results were given. Also we describe the result for extremal graphs. Further, 
the effect of deleting the edges is also discussed. At the end, Nordhaus – Gaddum type inequalities were obtained.  

AMS Subject Classification Number: 05C05, 05C69. 

INTRODUCTION: 

 Let ( ),G V E=  be the graph. The number of vertices and edges of G  denoted by p  and q  

respectively. The graph which has equal number of vertices as G , in which two vertices are 
adjacent if and only if they are not adjacent in G is called complimentary graph, represented by G

. In general, we use X  to denote the sub graph induced by the set of vertices of X and ( )  ( )N v N v

denote the open (closed) neighborhoods of a vertex v . ( )deg v  is the degree of a vertex v . For any 

undefined terms in this paper, follow the notations of [2]. 
 For an edge e , ( )  ( )N e N e  denote the open (closed) neighborhoods of an edge e . The 

degree of an edge e uv= is defined by ( ) ( ) ( )deg deg deg 2e u v= + − . The edge e uv=  is called an end edge, 

if either ( )deg 1u = or ( )deg 1v = , its neighbor is called support edge. ( ) ( )( )' 'G G   denote the minimum 

(maximum) edge degree among the edges of G . The edge independence number ( )' G , is the 

maximum cardinality of independent set of edges of G .      
 A set ( )D V G

 is said to dominating set of G , if every vertex in V D−  is adjacent to some 

vertex in D . The domination number of G , denoted by ( )G
 is the cardinality of a minimum 

dominating set of G . The concept of domination with its many variations is now well studied in 
graph theory, ([3], [4] and [5]).  
 An edge set ( )S E G  is said to be an edge dominating set of G , if every edge in E S−  is 

adjacent to some edges in S . The edge domination number of G , denoted by ( )' G is the 

cardinality of minimum edge dominating set of G . (see [1]).  
An edge dominating set S  of graph is called double edge dominating set, if every edge of 

graph is dominated by not less than two edges in S . The minimum number of edges in such set is 
called double edge domination number of graph G , which is represented by ( )'

d G . (see [6], [7] 

and [8] ).    
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 The set S  of edges of a graph G , in which every edge of graph G is dominated by at least 
two edges of S , and the set of edges ( )E G S−  is free means no two edges are adjacent, is called 

double outer independent edge dominating set of  a graph G , represented by '

doi - set of G . The 

least number of edges contained in this set is called '

doi  number of G .  Initially, some straight 

forward and inequality results were given. Also we describe the result for extremal graphs. 
Further, the effect of deleting the edges is also discussed. At the end, Nordhaus – Gaddum type 
inequalities were obtained.  

RESULTS: 

 Initially, we give the following Observations which are straight forward. 

Observation 1: Each end edge of a graph G is in each double outer independent edge dominating 
set of G . 

Observation 2: Each support edge of a graph G  is in each double outer independent edge 
dominating set of G .  

 Next result double outer independent edge dominating set interms of minimum edge 
degree of G .  

Theorem 1: For any connected graph G , ( ) ( )' '

doiG G  . 

Proof: Let  1 2, ,..., nS e e e=  be the outer independent edge dominating set of G . If ( )S E G= , then the 

result is obvious. Now assume that ( )S E G , then there exists at least one edge xe S . Since the 

sub graph ( )E G S−  is independent, ( )xN e S . Further there exists at least one edge  e  such that 

( )'e G= , it follows that e S= . Therefore, ( ) ( )' '

doiG G  .       

 In the following Theorems, we give characterization for double outer independent edge 
domination number.  

Theorem 2: For any connected ( ),p q - graph G , ( )'

doi G q =  if and only if every edge of G is an end 

edge or support edge. 
Proof: The sufficiency is true by Observations 1 and 2. Now assume that, some edge of a graph 
say xe  is neither an end edge nor a support edge. Thus xe  has at least two neighbors in S . 

Moreover each of these neighbors has a neighbor different from xe . Since xe  is not a support edge. 

Clearly, it follows that ( )  xE G e−  is a double outer independent edge dominating set of the graph 

G . Hence ( )' 1doi G q q  −  .      

Theorem 3: For any connected ( ),p q  - graph G  with 3q   edges, ( )' 1doi G q = −  if and only if at least 

one edge of G  is neither an end edge nor a support edge, and the sub graph of G  induced by the 
edges which are neither end edges nor support edges is a complete graph or a path on three 
edges such that the edge incident with central vertex has exactly two neighbors in graph G .   
Proof: Let G  be a graph such that its sub graph induced by the edges which are neither end 
edges nor support edges is a complete graph or a path on three edges such that the central edge 
has exactly two neighbors in the graph G . First assume that, it is a path 4P , say a b ce e e . It is not 

difficult to observe that ( )  bE G e−  is a double outer independent edge dominating set of the graph 

G . Thus ( )' 1doi G q  − . At present consider S  be some '

doi -set of G . From Observations 1 and 2, all 

end edges and support edges belong to the set S . Moreover, the edge be  has to be dominated 

twice, thus at least two of the edges ae , be  and ce  included in the set S . Consequently, ( )' 1doi G q  − . 

Now assume that the sub graph of G induced by the edges which are neither end edges nor 
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support edges is a complete graph. Let xe  be any edge of this sub graph. Let us observe that 

( )  xE G e− is a double outer independent edge dominating set of graph G . Thus ( )' 1doi G q  − . Now, 

let S  be any '

doi -set of G . By Observations 1 and 2, all end edges and support edges belong to the 

set S . Moreover, since ( )E G S−  is independent, at most one of the remaining edges is not the part 

of the set S . Consequently, ( )' 1doi G q  − . Hence, at present we conclude that ( )' 1doi G q = − .         

 Now imagine that for certain graph G , we get ( )' 1doi G q = − . Suppose that the sub graph of G

induced by the edges which are neither end edges nor support edges, say 1G , is neither a 

complete graph nor a path on three edges such that the edge incident with central vertex has 
exactly two neighbors in the graph G . Thus ( )1 2E G  . Let us observe that there exists two non 

adjacent edges of 1G , say xe and 
ye , such that no common neighbor of xe and 

ye has edge degree two 

in the graph G . Clearly, it follows that ( )  ,x yE G e e− is a double outer independent edge dominating 

set of the graph G . Therefore, ( )' 2 1doi G q q  −  − , a contradiction.           

 In the following Theorem, relation between ( )'

doi T interms of ( )' T  and number of support 

edges of trees.  

Theorem 4: For any connected tree T  of size at least three, ( ) ( )' '

doi T T m  + , where m  is the 

number of support edges. 
Proof: Let q  be the numeral of edges of tree T . We begin by induction on q . If ( ) 2diam T = , 

resulting T  is a star 
1,nK . We must have ( ) ( )' '

1, 1,1 1doi n nK q q K m = −  + = + . Now, imagine that ( )diam T  
3= . Thus T is a double star. We have ( ) ( )' '1 1doi T q q T m = = − + = + . 

 At present presume that ( ) 4diam T  . Therefore, the size q  of the tree T  is at least four. Here 

the result is obtained by induction on the number of edges q . Assume that the Theorem is true 

for every tree 'T  of size 'q q .   

 Initially, imagine that few support edge of T , assume xe  is adjacent to more than one edge. 

Let 
ye  be an end edge neighbor to xe . Consider '

yT T e= − . We have 'm m= . Let 'S  be any '

doi - set of T

. From Observation 2, it holds '

xe S . There is no complication to observe that  '

yS e is the double 

outer independent edge dominating set of the tree T . Thus ( )'

doi T  ( )' ' 1doi T + . Now to inspect that 

there occurs a greatest edge set of 'T  that does not contain the edge xe . Consider 'A  to be such a 

set. There is no complication to inspect that  '

yS e  is an independent edge set of tree T . Thus 

( ) ( )' ' ' 1T T  + . Clearly, it follows that ( ) ( ) ( )' ' ' ' ' '1 1doi doiT T T m   +  + +  ( ) ( )' ' '1T m T m = + +  + . Hence, 

let us imagine that all edges of T  adjacent to end edges are weak. At present the tree T  is 
established at an edge xe  incident with the vertex x  of greatest distance called diameter of tree. 

Consider te  be an end edge at greatest difference from re , ve  be the rear of te , ue be the rear of ve

and we be the rear of ue  in the established tree. By 
xeT we indicate the sub tree produced from an 

edge xe  and its descendents in the established tree T .    

 Presume now that ( ) 3ud e  . Let '

veT T T= − . We have ' 1m m= − . Consider 'S as some '

doi - set of 
'T . Evidently,  ' ,v tS e e  is a double outer independent edge dominating set of tree T . Thus ( )'

doi T  

( )' ' 2doi T + . At present, consider 'A  be greatest independent edge set of tree 'T . There is no 

complication to inspect that  '

tS e is an independent edge set of tree T . Thus ( ) ( )' ' ' 1T T  + . We 

now get ( ) ( ) ( )' ' ' ' '2doi doiT T T   +  +  ( )' '2m T m+  + .      

 At present, presume ( ) 2ud e = . Initially, imagine that there is a frontal of we  different from ue , 

assume ke , namely the distance from we  to the farthest edge of 
ke

T is one or three. It satisfies to 
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take into consideration only the possibilities, at the same time 
ke

T is a trail 4P , or ke  is an end edge. 

Let '

ue
T T T= − . We have ' 1m m= − . Now to inspect that, in that place occurs a '

doi - set of 'T  that 

contains the edge we . Let 'S  be a similar set. There is no complication to notice that  ' ,v tS e e  is a 

double outer independent edge dominating set of the tree T . Thus ( ) ( )' ' ' 2doi doiT T  + . At present, 

consider 'A  be maximum independent edge set of tree 'T . Obviously,  '

tS e  represents the set of 

edges which are not adjacent to each other. Thus ( ) ( )' ' ' 1T T  + . We now get ( ) ( )' ' '

doi doiT T 
 

( ) ( )' ' ' '2 2T m T m +  + +  + .  

 At present, presume that for every child of we  other than ue , say ke , the interval of we  to the 

most farthest edge of 
ke

T  is two. It satisfies to take into consideration only the possibilities, at the 

same time ke  is a non end edge adjacent to minimum two edges. Let '

veT T T= − . We have 'm m= . Let 
'S  be any '

doi - set. By Observations 1 and 2, we have ', ,u k we e e S . Let us observe that    ( )' ,u v tS e e e−   

is a double outer independent edge dominating set of the tree T . Consequently, ( ) ( )' ' ' 1doi doiT T  + . 

At present consider 'A  be the greatest independent edge set of tree 'T . There is no complication 
to inspect that  '

tS e  is a set of edges which are not adjacent to each other in tree T . 

Consequently, ( )' T   ( )' ' 1T + . We now get ( ) ( ) ( ) ( )' ' ' ' ' ' '1 1doi doiT T T m T m    +  + +  + .             

 Next result shows the effect of deleting an edge of a graph on '

doi  number.       

Theorem 5: For any connected graph G of size at least three, ( ) ( ) ( )' ' '2doi doi doiG G e G  −  −   ( )deg 1e+ − .    

Proof: Let S  be any '

doi - set of the graph G . If e S , then it is easy to see that S  is a double outer 

independent edge dominating set of the graph G e− . Assume now that e S . Let 
( )1 2, ,...,

d e
e e e  be the 

neighbor of e . Let i ( ) 1,2,...,d e . Let 
ixe be the neighbor of ie different from e . If ie S , then let 

iue

mean 
ixe , otherwise let it mean ie . Let us observe that 

( )   
1 2
, ,...,

d eu u uS e e e e −  is a double outer 

independent edge dominating set of the graph G . Thus ( )
( )    ( )

1 2

' , ,..., 1
d edoi u u uG e S e e e e S d e −   −  + −  

( ) ( )' 1doi G d e= + − . Further, let 'S be any '

doi - set of G e− . If some edge of ( )N e  belongs to the edge set 
'S , then it is easy to see that  'S e  is a double outer independent edge dominating set of the 

graph G . Assume now that, no edge of ( )N e  belongs to the edge set 'S . Let xe  be any neighbor of e  

in G . Clearly, it follows that  ' , xS e e  is a double outer independent set of G . Therefore, ( )'

doi G  

( )' 2doi G e − +  and hence ( ) ( )' '2doi doiG G e −  − .     

 We now give Nordhaus – Gaddum type inequalities in the following Theorems. 

Theorem 6: For any connected ( ),p q  - graph G , ( ) ( )' '1 2doi doiq G G q −  +  . 

Proof: Let S  be any '

doi - set of G . Since ( )E G S−  is independent edge set, the edges of ( )E G S−  

forms a clique in G . Let S  be any '

doi - set of G . The edges of ( )E G S−  forms a clique in G , thus at 

most one of them does not belong to S  as ( )E G S−  is an independent edge set. Therefore, 

( ) 1S E G S − − . It follows that, ( ) ( )' '

doi doiG G + ( ) 1 1S E G S q + − − = − . Obviously, ( )'

doi G q   and '

doi   

( )G q . Thus we have, ( )' '

doi doiG +  ( ) 2G q .                   

Theorem 7: For any connected ( ),p q  - graph G , ( ) ( )' ' 2 1doi doiG G q + = −  if and only if 5G P= . 

Proof: Obviously, ( ) ( ) ( )' ' '

5 5 52 1 2 1doi doi doiP P P q  + = − = − . At present, presume any graph G possesses 

( )' '

doi doiG +  ( ) 2 1G q= − . This implies that ( )'

doi G q =  and ( )' 1doi G q = − . By Theorem 2, every edge of G  is 

an end edge or support edge. Suppose that some edge, say xe , is simultaneously an end edge or 
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support edge of G . This implicates that the component of G which contains the edge xe  is a 

complete graph. If 3G P= , then G  has more than one component, a contradiction. Now assume 

that 3G P . Since every component of G  has at least two edges, we have 4q  . In the graph G , the 

edge xe  is not an end edge as it has 2q −  neighbors and 2 2 1q −   . Thus xe  must be a support edge 

of G . But each neighbor of xe  in G  is also adjacent to 
ye , so xe  is not adjacent to any end edge and 

it is not a support edge, a contradiction. We now conclude that, no edge is simultaneously an end 
edge and support edge neither of graph G nor of G . Suppose that some edge, say xe  is an end edge 

of graph G . subsequently G  has exactly one neighbor. Since the graph G  and G  has three edges, 
it is not difficult to verify that G  or G has more than one component and we do not consider such 
graphs. Therefore, end edge of G becomes support edge of G , and every edge of G  is a support 
edge of G . Let us observe that for every graph, the number of end edges is greater than or equal 
to the number of support edges. This implies that exactly half of all edges are end edges of G

which are support edges of G , and the remaining half of edges are support edges of G . 

Consequently, every support edge is a weak. Moreover, the number ( )q E G=  and ( )2q E G+ =  is 

even. Suppose that 6q  . Thus, in G there are at least three end edges say ae , be  and ce . The 

support edge adjacent to ae  we denote by xe . Since every support edge is weak, the edge xe  is not 

adjacent to any one of the edges be  and ce . Thus xe  is adjacent to both edges be  and ce  in G , a 

contradiction. This implies that 4q = . Since exactly half of all edges are end edges half are support 

edges, therefore it is not very difficult to get 5G P= .               

Theorem 8: For any connected ( ),p q  - graph G , ( ) ( )' ' 2doi doiG G q l +  + − , where l  is the number of 

end edges. 
Proof: Let S  and S  be any '

doi  - set of G  and G  respectively. If some of end edges of G does not 

belong to the set S , then ( )' 2doi G q  −  and we easily obtain the result. Now assume that all end 

edges of G belong to the set S . Since ( )E G S− is independent, the edges of ( )E G S− forms a clique in 

G . Consequently, at most one of them does not belong to S  as ( )E G S−
 
is independent. Therefore, 

( ) 1S E G S l − + − . We now get ( ) ( )' '

doi doiG G S +  + ( ) 1 2E G S l q l− + −  + − .     
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