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Abstract

S-metric space was introduced by Sedghi et al. [5] in 2012. We derive some common fixed point results for self-
mappings on vector valued complete S-metric space. In support of our results, we also give some examples.
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1 Introduction

Fixed point theory is amongst the crucial mathematical theory with applications in
various branches of science. Banach contraction principle was derived first by S. Banach [2] in
1922. It has a vital role in fixed point theory and became very famous due to iterations used in
the theorem. The evaluation of fixed points of mappings satisfying many contractive conditions is
at the center of research work and several vital results have been established by many authors.
Over the last few years, several researchers have devoted themselves to define many variations
of metric space. We give below some definitions and results which will help in proving our main
results for vector S-metric spaces.

Definition 1.1[4] On a set C, a relation < is a partial order if it follows the conditions stated
below:

(@n =y (reflexive)
(b)n, = mz and n, < 1y impliesn; =1, (anti-symmetry)
(c)n, 2=y, andn, < n; impliesn; < 15 (transitivity)

Vn1,7M2,13 € C. The set C with partial order < is known as partially ordered set (poset).

A partially ordered set (C, X) is called linearly ordered if for n;,1, € C, we have either
M =Mz 0r7N; =17;.

Definition 1.2[4] Let C be linear space which is real and (C, X) be a poset. Then the poset (C, X)
is said to be an ordered linear space if it follows the properties mentioned below:

(@Ap1 2 p,=p1+p3 X, +p3
(b)p, = p; = wp; < wp; Vp1,P2,p3 ECandw > 0.

Definition 1.3[4] A poset is called lattice if each set with two elements has an infimum and a
supremum.

Definition 1.4[4] An ordered linear space where the ordering is lattice is called vector lattice.
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Definition 1.5[4] A vector lattice V is called Archimedean if inf{%ﬁ} =0 for every 9 € V*
where

Vt={9eV:9 >0l

Definition 1.6[3] Let V be a vector lattice and R be a nonvoid set. A function d: R XR - V is
called vector metric on R if it follows the conditions stated below:

(a) d(hl, hz) = 0 lff hl = hz
(b) d(hl, hz) ﬁ d(hl; h3) + d(h3, hZ)Vhlﬂ hz, h3 E 9:{
The triplet (R, d, V) is called vector metric space.

Definition 1.7[6] Let R be a nonvoid set. A function S: R X R X R — [0, 00) is called S-metric on
‘R if it follows the conditions stated below:

(@) S(by, by, b3) = 0,

(b) S(bq, by, b3) = 0iffby = b, = bs,

(c) S(by, by, b3) X S(by, by, @) + S(by, by, @) + S(bs, b3, ),
for all by, by, bs, @ € R.

The pair (R, S) is called S-metric space .

Now, we define vector valued S-metric space as follows:

Definition 1.8 Let V be a vector lattice and R be a nonvoid set. A function SR XRXR > V is
called vector S-metric on R that satisfies the conditions mentioned below:

(a) S(bq,bz,b3) =0,

(b) S(bq, by, b3) = 0iffby = b, = by,

(c) S(bq,bz,b3) X S(by, by, @) + S(by, by, @) + S(bs, bz, @),
for all by, by, bs, @ € R.

The triplet (R, S, V) is called vector S-metric space.

Example 1.9 Let R be a nonvoid set and V be a vector lattice. A function S:fRXR XR >V is
defined by

S(b1, bz, b3) = [(by, bg)| + (b2, b3)|  Vby, by by €R
then the triplet (R, S, V) is vector S-metric space.

Definition 1.10 A sequence (J,) in a vector S-metric space (R, S,V) is called V-convergent to
some 9 € V if there is a sequence (u,) in V satisfying u,, 1 0 and S(9,,,9,,9) < u, and denote it

%
by 9, — 9.

Definition 1.11 A sequence (J,) in a vector S-metric space (®R,S,V) is known as V-Cauchy
sequence if 3 (u,) € V satisfying p,, | 0 and S(9y, 9, 9p44) < unVq and n.
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Definition 1.12 A vector S-metric space (R, S, V) is called V-complete if all V-Cauchy sequence is
V-convergent to a limit in R.

Lemma 1.13[6] For a vector S-metric space (R, S, V),
S@,9,u) =S, w9 Vvud €eR.

Proof. Using the condition (c) of definition (1.8), we have

S(9,9,1) < S,9,9) + S(,9,9) + S(u, 1, 9) (1)
=S u,9)
S 9) < S up) + S uu) +S@,9, 1) (2)
=S5@,9,1)

By (1) and (2), we get S(9,9, 1) = S(u, u, 9).

2 Main Results
Lemma 2.1 Let (R, S, V) be a vector S-metric space which is complete and V-Archimedean. Let a
sequence (h,) be in R such that

S(hy, iy, hyyq) < aS(y—-q, -1, 1) Vb € N(3)
where a € [0,1). Then (A, ) is a V- Cauchy sequence in ‘R.
Proof. Using (3), we get
S(h,, hy, Bypr) < aS(Ry_1, Ay_1, By) < @?S(Ry_p, By_p, By_q) < - < a®S(Rg, hg, Ry)
So, for b > £, we have
S(he, hp, ) < 25(hy, N, pyq) + S(hy, Ry, Ppyq)

= 285(hy, hy, Ppy1) + S(Rpyr, Bppr, )

< 25(hg, fp pyr) + 25 (Mpirs Npirs Rps2) + S(Ry, Ry Rpy)

= 25(hp, fp pyr) + 25 (Ppia, prrs Npi2) + S(Rpr2, Ppra, 1)

= 25(hp hp pyr) + 28(Rpsns gy Ppi2) + o+ S(My—q, g, 1))

< 25(hp, hp, tipypq) + 28S(Ppyq, Rpyr, Ppyn) + -+ 25(Ry_1, y_1, R})

<2(af +af*t + -+ a1 S(hy, ho, 1)

< Zaf{(l +a+ az + )S(ho, ho, h’l)
1
< 2=S(ho, Fig, 1)) L0 £ 0.

Thus (h,) is a V-Cauchy sequence.

Theorem 2.2 Let (R, S, V) be a vector S-metric space which is complete and V- Archimedean. Let
K:R = R be a continuous mapping and a map f:R = R which commutes with K. Suppose the
conditions given below are satisfied;

(@) fF(R) € K(R)
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(b) S(fh, fh, f9) < qU(h, h,9) forall ,9 € R where q € [0, g) is a constant and

U(h, h,9) € {S(Kh, Kh, K9),S(Kh, Kh, f), S(K9, K9, f9), S(Kh, Kh, f9), S(K9, K9, fi)}

(c) K(R) or f(R) is V- complete as a subspace of R. Then, prove that K and f have a common
fixed point which is unique .

Proof Fix arbitrary 9, € R, so we can take sequence (A, ) in R such that
hy = fO, = KO,,1b = 0.
Then
S(hy, hy, fypq) = SFO,, fO), fOh41) = qUEL, 9y, U,41) (4)
Where
U0, Oy, 9p41) € {S(KD,, KOy, KIy11), S(KD,, KO, £9,), S(K9y11, KOy11, fO41),
S(K9,, KOy, fOy41), S(KDy41, KOy11, f,) }
= {S(y—1, Ay—1, 1), S(Ry—1, M1, 1), Sy, 11y, ),
S(My—1, Ay, A1), S (R, By, )}
= {S(My—1, A1, 1), S (R, Ay, Ay 11), S (g1, Py—1, Pip10), 0}
The possible four cases are:
(@) S(hy, hy, Myyq) < qS(Ry—q, Ry—1, ).
(b) S(hy, h, My41) = qS (R, fy, Ppy)
and so
S(hy, by, hyyq) = 0.
(c) S(hy, h,, prq) = gS(Ry—1, Py, Ayy)
< 2qS(hy—1, M1, 1) + qS(Ryyq, yyn, )
and

2q
S(hy, b, hq) < ————S(h_q, By, B).
(f, A, Ppiq) (1—q)(b1blb)

()S(h,, 1y, ) <q.0=0
and so
S(hy, hy, fipyy) = 0.
Thus S(hy, iy, fiy11) < 0S(Ry_q, hy_1,h,) where o € {q, (1%)} <1

Since V is Archimedean, by lemma (2.1) (h,) is a V-Cauchy sequence and range of f is contained

%
in the range of K and atleast one range is V-complete, there exist A € K(R) such that K9, ,; — h.
Hence there exist a sequence (a,) in VV such that ¢, | 0 and
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S(Kﬂb,Kﬁb, fl) =< ay,.

Thus
By = f9, = Kdys1 — h. (5)
We prove that
Kh=fh=h
Now,

S(Kh,Knh, fh) < 2S(Kh,Kh, fK9,) + S(fh, fh, fK9,)

S(Kh,Kh,fh) < 2S(Kh,Kh, fK9,) + S(fK9,, fK9,, fh) (6)
Also, we have

S(fK9Y,, fKY,, fh) 2 qU(KY,,K9,, h)
Then (5) becomes
S(Kh,Kh, fh) < 25(Kh,Kh, fK9,) + qU(KY,,K9,, h) (7)

where

U(K9,,K9,, h) € {S(K?V,,K*9,,Kh),S(K?*9,,K?9,, fK9,),S(Kh,Kh, fh),
S(K?%9,,K?9,, fh),S(Kh,Kh, fK9,)} (8)

Since f commutes with K and by using continuity of K, we get

FKO, = Kf9, 25 Kh
and by using (5)

K29,,, 25 Kh,
then there exist a sequence (@, ) and {(£,) in V such that «, | 0 and S, | 0, then we have
S(Kh,Kh, fK9,) < ay,

and

S(K?%9,,K*9,,Kh) < B,.

By (7) and (8), we have the following cases:

0 S(Kh, Kh, fh) < 2S(Kh, Kk, fK9,) + qS(K?9,, K29, Kh)
=< ZCZL + q,[?;,
(i) S(Kh,Kh, fh) < 2S(Kh, Kk, fK9,) + qS(K?9,, K29,, fK9,)

=< ZS(Kh,Kh,fKﬁb) + CI[ZS(KZﬁb,KZﬁb,Kh) + S(fK‘ﬁb,fKﬁb,Kh)]
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— 2S(Kh, Kh, fK9,) + 2qS(K20,, K29, KR) + qS(Kh, Kh, FK9,)
=2 +qQa, + 2B,

(iif) S(Kh, Kh, fh) < 2S(Kh, Kh, fK9,) + qS(Kh, Kh, fh)

(1 — q)S(Kh, Kh, f1) < 2a,

2ab
(1-9)

(iv) S(Kh,Kh, fh) < 2S(Kh,Kh, fK9,) + qS(K?9,,K*9,, fh)

S(Kh,Kh, i) <

< 2S(Kh,Kh, fK9,) + 2qS(K?9,,K?9,,Kh) + qS(fh, fh,Kh)
= 2S(Kh, Kh, fK9,) + 2qS(K?9,,K?9,, Kh) + qS(Kh, K, fh)
(1—-q)S(Kh,Kh, fh) < 2a, + 29,

Zaq, + ZQﬁb
1-q)

) S(Kh,Kh, fh) < 2S(Kh, Kh, fK9,) + qS(Kh, Kh, fK9,)

S(Kh, Kh, fh) <

< 2+ q)S(Kh,Kh, fKY,)
<@2+qQa,
< 3aq,
In the last inequality of each case, the infimum on the right hand side is 0. So we get
S(Kh,Kh, fh) = 0.
This implies
Kh = fh (9)
So
S(Kh,Kh,h) < 25(Kh,Kh, f9,) + S(h,h, f0,)
= 2S(Kh,Kh, f9,) + S(f9,, fY,, h)
= S(fO, fO, 1) + 25(fh, fh, fD,)
= S0, O, 1) + 25(f9,, f9,, fh)
S(Kh,Kh,h) X S(f9,, f9,, h) + 2qU(9,,9,, h) (10)
where
u@,,9,, h) € {S(K9,,K9,, Kn),S(K9,,K9,, f9,),S(Kh,Kh, fh),S(K9I,,K9,, fh),
S(Kh,Kh, f9,)}
= {S(K9Y,,K9,,Kh),S(K9,, KV, f9,),0,S(Kh,Kh, f9,)} (11D

there exist a sequence (d,) and (g, ) in V such thatd, | 0 and g,, ! 0, then we have
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S(K9,,K9,,h) = d,
and
S(fO,, fO), 1) = gn.
Using (10) and (11), we have the following cases:
(i) S(Kh,Kh,h) 2 S(f9,, f9,, h) + 2qS(K9,,KVY,, Kh)
< S, fY,, h) + 2q[25(K9,, K9S, h) + S(Kh,Kh, h)]
(1-2q)S(Kh,Kh,h) < g, + 4qd,

gn +4qd,
(1-2q)
(i) S(Kh Kh, h) < S(f9,, f9,, k) + 2qS(K9,, KV,, f9,)

S(Kh,Kh, h) <

< S(f9,, f9,, h) + 2q[25(K9,, K9, h) + S(f9,, f9,, h)]

= S(f9,, f9,, k) + 2q[2S(KV,, K9, h) + S(h, h, f9,)]
S(Kh,Kh,h) < g, + 2q(2d,, + gn)

= gn(1+2q) +4qd,
(iii) S(Kh,Kh, h) < S(f9,, f9,, k) + 2q.0

S(Kh,Kh,h) < gy

(iv) S(Kh,Kh, h) < S(f9,, f9,, k) + 2qS(Kh,Kh, f9,)

< S(fO,, f9,, k) + 2q[2S(Kh,Kh, h) + S(f9,, f9,, h)]

= S(f9,, f9,, h) + 2q[2S(Kh,Kh, k) + S(h, h, f9,)]

(1—-4q)S(Kh,Kh,h) < g, +2q9gn

(1+2q)
LA
S(Kh Kh, k) < a1

In the last inequality of each case, the infimum on the right hand side is 0. So we
getS(Knh,Kh, h) = 0.

So
Kh = h.
From (9)
Kh=fh=nh
So, f and K have common fixed point A .
If K and f have another common fixed point y; then
Kuy = fun = pa.
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From hypothesis (b)
S(h, b, py) = S(fh fh, fiug) = qU (R, R, )
where
U(h, b py) € (S(KR KR, Kny), S(Kh, KR, f1), S (K, Kita, fita), S(KR K, fius),
S(Kuy, Kpy, f)}

= {0,5(h, h, uy)}.

Thus
S(h,h,uy) = 0.
So
h = pu,.

Hence f and K have a common fixed point A that is unique.

Corollary 2.3 Let (R, S, V) be a vector S-metric space which is complete and V- Archimedean. Let
K:R — R be a map which is continuous and f: R — R be a map which commutes with K. Also let

f and K satisfyf(R) € K(R) and S(fh, fh, f9) < qS(Kh,Kh,K9) for all q € [0,3) and h,9 € R.
Then K and f have common fixed point which is unique.

Theorem 2.4 Let (R, S,V) be a vector S-metric space which is complete and V-Archimedean.
Suppose a map K?: R —» R is continuous and a map f: R - R which commutes with K. Suppose
the conditions given below are satisfied;

(@) FK(R) < K*(R)

(b)S(fh, fh, f9) < qU(h, h,Y) forall A,9 € R where q € [0, %) is a constant and

Uk h,9) € {S(Kh, Kh, K9),S(Kh, Kh, f1), S(K9, K9, fﬁ)% [S(Kh, Kh, £9) + S(K9, K9, fR)]}

(c) K(*R) or f(R) as a subspace of R which is V-complete.
Then prove that K and f have a common fixed point which is unique.
Proof. Fix arbitrary 9, € K(R), so we can take sequence (#,) in K(R) such that
h, = f9, = K9,;1b = 0.

Now

Khyyy = Kf9,11 = fKO,41 = fh, =p,b 2 0.
It can be shown as in theorem(2.2) that (p,) is a V-Cauchy sequence and converge to p € R and

K?p = fKp
Ko, = limKh, = imp,— =p. (12)
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It follows that

MmK0, = K (ko)
= gi_glng(hb—ﬂ
= gi_gloKz(Khb—D
= limK*(py—2)
= K?p,because K? is continuous. (13)
So we get
S(K?p,K?p, fKp) = 2S(K*p,K*p, fK>9,) + S(fKp, fKp, fK>9})
= 2S(K?p, K?p, fK39,) + S(fK>9,, fK>9,, fKD)
S(K?p,K?p, fKp) < 25(K?p,K?p, fK39,) + qU(K39,,K39,,Kp) (14)
where
U(K39,,K39,, Kp) € {S(K*9,, K*9,, K*p),S(K*9,, K*9,, fK30,),S(K?p, K?*p, fKD),

[S(K*9,, K*3,, fKD) + S(K?p, K?p, fK>9,)]}.(15)

Wl

Since K2 is continuous and by using (12), we get
K3£9, 55 K2p
and
K*9, = K?p
then there exist a sequence (,) and {(£,) in V such that «, | 0 and S, | 0, then we have
S(K?p,K?p, fK39,) < a,
S(K*9,, K*9,,K*p) = B,
Using (14) and (15), then we have the following:
Case(i) S(K?p,K?p, fKp) < 25(K?p,K?p, fK309,) + qS(K*9,, K*9,, K*p)
< 2a, +qp,
Case(ii) S(K?p,K?p, fKp) < 2S(K?p,K?p, fK39,) + qS(K*9,, K*9,, fK39,)
< 2S(K?p,K?p, fK39,) + q[2S(K*9,, K*9,,K?p) +
S(fK>9,, fK*9,, K?p)]
= 2S(K?p,K?p, fK39,) + q[2S(K*9,, K*9,,K*p) +
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S(K?p, K?p,K*f9,)]
< 2a, +q(2B, + )
= @2+qa, + 2B,
Case(iii)S(K?p,K?p, fKp) < 2S(K?p,K?p, fK39,) + qS(K?*p,K?p, fKp)
(1-q)S(K?p,K?p, fKp) < 2a,

2ay,
(1-q)

S(K?p,K?p, fKp) =

Case(iv) S(K?p,K?p, fKp) < 2S(K?p,K?p, fK39,) + g [S(K*9,, K*9,, fKp) +
S(K*p,K?p, fK39,)]
S(K2p, K?p, fKp) < 2S(K?p, K?p, fK39,) + % [2S(K*9,, K*9,, K2p) +
S(fKp, fKp, K*p) + S(K?p,K?p, fK39,)]
= 25(K?p, K*p, fK*9,) + 1 [2S(K*9,, K*9,, K?p) +
S(K?p, K?p, fKp) + S(K?p,K?p, fK>9,)]
9z 2 q
(1- §)S(K p, K°p, fKp) < 2a, +§[23b + ay]

(3 —q)S(K?p,K?p, fKp) = 6a, + q[2B, + a,]

S(K?p, K?p, fKp) =< —(6”’()3”‘};2”&

In the last inequality of each case, the infimum on the right hand side is 0. So
S(K?p,K?p, fKp) = 0.
that is
K?p = fKp.

Putting in S(fh, fh,f9) < qU(h h9), h=fKp,9 = Kp then we get f(fKp) = fK, we get
f(fKp) = fKp. Because K?p = fKp i.e. K(Kp) = f(Kp), we have K(fKp) = fK?p = f(fKp) =
fKp.So f and K have a common fixed point fKp .

If f and K have a common fixed point f; K;p; then

K(fiKip1) = f(fiKip1) = fiKip1

Now

S(fKp, fKp, fiKip1) = S(F (fKp), f (fKp), f (f1Kip1)) = qU(fKp, fKp, f1K1p1)

where

U(fKp, fKp, fiKip1) € {S(K(fKp), K(fKp), K(f1K1p1)), S(K(fKp), K(fKp), f (fKD)),
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S(K(fiKip1), K(fiKip1), f (f1K1p1)), S(K(fKp), K(fKp), f (f1K1p1))),
S(K(fiKip1), K(fiKip1), f (fKPp))}
€ {0,S(fKp, fKp, f1K1p1)} (16)
Thus
S(fKp, fKp, f1Kip1) = 0.
So
fKp = fiKip;.
Hence f and K have a common fixed point f Kp which is unique.
Example 2.5 Let V = R% with coordinatewise ordering and R = R
S(h,9,m) = (plh—nl,ald —nl)
where p,d > 0, and h,9,n € R. Then
fh=h*>+5
and
Kh = 2h?,
We have
SUFRf9, ) = (plh? —n?|, 0192 —n?|) = > S(Kh, K9, Kn) < qS(Kh, K9, Kn)
forq € [%, 1), f(R) = [5,0) € [0,00) = K(R) and a self map K is continuous on R and f(R) is V-
complete subspace of R. Hence K and f have common fixed point that is unique.
Example 2.6 Let V = R with coordinatewise ordering and R = [0,1]
S(h,9,m) = |h—n|+ |9 —n|
where f,9,7n € R. Then

h—h
f 4
and
Kh—h
=3
We have
h 7 9 n 1
S(fh,fﬁ,fn)=lz—zl+lz—zl=§5(Kfl,K19,K77)SqS(Kﬁ,Kﬁ,KTI)

for q € [%, D, fR) =10, %] c [0, %] = K(R) and a self map K is continuous on R and f(R) is V-
complete subspace of R. Hence K and f have common fixed point that is unique.
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