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Abstract 
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fixed point results for scalar valued. 
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1. Introduction and Preliminaries 
 
Cuneyt Ceviκ and Ishaκ Altun [4] introduced the concept of vector metric space. Vector 
metric space is a generalization of metric space where metric is Riesz space valued. 
Branciari [3] defined the notion of rectangular metric space and established some fixed point 
theorems for this space. By combining vector metric space and rectangular metric space, we 
introduce vector valued rectangular metric space and prove some fixed point results for this 
space. 
We follow the concepts and terminology by C. D. Aliprantis and Κ. C. Border [1] for Riesz 
spaces. A lattice is a partially ordered set in which every couple of elements has both a least 
upper bound and a greatest lower bound.  A partially ordered vector space Q is a Riesz 
space if it is also a lattice under its ordering. In Riesz space Q, let ς ∈ Q then the positive 
part ς+, the negative part ς− and the absolute value |ς| are defined below, 

ς+ = ς ∨ 0, ς− = (−ς)∨  0 and  |ς| = ς ∨ (−ς). 

Let ςm ∈ Q, then the notation ςm ↓ y means that { ςm } is a decreasing sequence in Riesz  

 space Q such that inf ςm = ς.  A Riesz space Q is an Archimedean if  
1

𝑚
𝜍 ↓ 0 for every                         

ς ∈ Q+ where Q+ = {ς ∈  Q : 0 ≼ς }. 

Example 1.1. Let we consider a non-empty topological space W and a real vector space 
C(W ) of all real continuous functions on W , then C(W ) is a Riesz space w.r.t. the partial 
ordering define as if f ≼ g, where f, g ∈ C(W ) implies f (ς) ≼ g(ς) for every ς ∈ W . 
Lemma 1.2. Let Q be a Riesz space and ς ≼ kς, ∀ ς ∈ Q+ also k ∈ [0, 1) then ς = 0. 

Definition 1.3. Let Q be a Riesz space and ςm  ∈ Q then the sequence {ςm} is said to be 

order convergent  to  ς  written  as ςm  
𝑜
→𝜍  ∃ sequence {bm} in Q such that bm ↓ 0 as well as ∀ 

m,  

|ςm − ς| ≼  bm. 
The sequence {ςm} is called order-Cauchy if ∃ sequence {bm} in Q such that bm ↓ 0 as well as 

|ςm − ςm+p| ≼ bm ∀ m and p. 

Definition 1.4. Let Q be a Riesz space and W be a non-empty set. Then vector metric is a 
mapping   𝜅 : W × W → Q which satisfy all the properties given below: 

(a) 𝜅(ς, ξ) = 0 ⇔ ς = ξ 
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(b) 𝜅(ς, ξ) = 𝜅(ξ, ς) 

     (c)  𝜅(ς, ξ) ≼ 𝜅(ς, η) + 𝜅(η, ξ) ∀ η, ς, ξ ∈ W . 

And the triplet (W, 𝜅, Q) is called vector metric space(we will denote this space as VMS). 

Example 1.5. Let Q be a Riesz space. The mapping  𝜅 : Q × Q → Q defined as: 

𝜅(ς, ξ) = |ς − ξ| ∀ ς, ξ ∈ Q. 

Then 𝜅 is a vector metric and this vector metric is called absolute valued metric on Q. 

Example 1.6. Let R2  = Q and define a function 𝜅 : R × R → Q s.t. 

𝜅(ς, ξ) = (β1|ς − ξ|, β2|ς − ξ|) 

where 0 < β1 + β2 and 0 ≤ β1, β2. Then the function 𝜅 is a vector metric with coordinatewise            
ordering and (R, 𝜅, Q) is a VMS. 

Definition 1.7. A sequence {ςm} in a VMS (W, 𝜅, Q) is called vectorial convergent(Q-
convergent) 

to some ς ∈ W, written as ςm  
𝜅,𝑄
→ 𝜍  if ∃ a sequence bm in Q such that bm ↓ 0 as well as 

𝜅(ςm, ς) ≼ bm  ∀ m. 

Definition 1.8. A sequence {ςm} in a VMS (W, κ, Q) is called Q-Cauchy if we get a sequence bm 
in Q satisfying bm ↓ 0 as well as 𝜅(ςm, ςm+p) ≼ bm ∀ m, p. 

Definition 1.9. A VMS (W, 𝜅, Q) is said to be Q-complete if every Q-Cauchy sequence in W is 
Q-convergent to a limit in W. 

Definition 1.10. Let W be no-empty set and the mapping 𝜅: W × W → R s.t. ∀ ς, ξ ∈ W and  
for all distinct points η, 𝜗 ∈  W with η, 𝜗 ∉{ς, ξ} satisfies all the properties given below: 

(a) 𝜅(ς, ξ) = 0 ⇔ ς = ξ 

(b) 𝜅(ς, ξ) = 𝜅(ξ, ς) 

     (c) 𝜅(ς, ξ) ≤ 𝜅(ς, η) + 𝜅(η, 𝜗) + κ(𝜗, ξ). 

Then 𝜅 is called rectangular metric and the space (W, 𝜅) is called a rectangular metric 
space(we denote this space as RMS). Below we give an example of a RMS but not a metric 
space. 

Example 1.11. Let W = R, t ∈ (0, ∞) and a mapping  𝜅 : W × W → R defined as 

𝜅(𝜍, 𝜉) = {

0       𝑖𝑓 𝜍 = 𝜉                                            

3𝑡      𝑖𝑓 (𝜍, 𝜉) = (1,2) 𝑜𝑟 (2,1),   𝜍 ≠ 𝜉

𝑡       𝑖𝑓 (𝜍, 𝜉) ≠ (1,2) 𝑜𝑟 (2,1),   𝜍 ≠ 𝜉
 

 

 Then the space (W, 𝜅) is a RMS. But (W, 𝜅) is not metric space since  

3t = 𝜅(1, 2) > 𝜅(1, 3) + 𝜅(3, 2) = t + t. 

Definition 1.12. Let W be non-empty set, Q be a Riesz space and the mapping 𝜅: W × W→Q 

s.t.  ∀ ς, ξ  ∈ W  and  for  all  distinct  points  η, 𝜗 ∈ W  with η, 𝜗 ∉{ς, ξ} satisfies all the properties 
given below: 

(a) 𝜅(ς, ξ) = 0 ⇔ ς = ξ 

(b) 𝜅(ς, ξ) = 𝜅(ξ, ς) 

     (c) 𝜅(ς, ξ) ≼  𝜅(ς, η) + 𝜅(η, 𝜗) + κ(𝜗, ξ). 

Then 𝜅 is called vector valued rectangular metric and the triplet (W, 𝜅, Q) is called vector  
valued RMS. Here we give an example of vector valued RMS but not vector metric space. 

Example  1.13.  Let W  =  {0, 1, 2, 3},  Q  =  R2   and define 𝜅  :  W × W  → Q such that for all 

 ς, ξ ∈ W, 𝜅(ς, ξ) = 𝜅(ξ, ς) and  
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𝜅(𝜍, 𝜉) = {

(0,0)       𝑖𝑓 𝜍 = 𝜉                                              

(3,3)      𝑖𝑓 𝜍 = 3 𝑎𝑛𝑑 𝜉 = 2,                        
(1,1)     𝑖𝑓 𝜍 ∈ {0,1}𝑎𝑛𝑑 𝜉 ∈ {1,2,3}.         

 

 

Here the space (W, 𝜅, Q) is vector valued RMS. But 𝜅(2, 0) + 𝜅(0, 3) = (1, 1) + (1, 1) = (2, 2)  

 ≺ (3, 3) = 𝜅(2, 3), so (W, 𝜅,Q) is not vector metric space. 
 

2. Main Results 
          Motivated by the worκ of Κamra et al.[7], Reich[9] and George et al.[5], we establish 
some fixed point results on vector valued RMS. 

Lemma 2.1. Let (W, 𝜅, Q) be a complete vector valued RMS. and Q-Archimedean.  Let {ςm} 
be 

a sequence in W such that 

𝜅(ςm, ςm+1) ≼ 𝛾𝜅(ςm−1, ςm) ∀ m ∈ N, (1) where 0 ≤ 𝛾 < 1. 
Then {ςm} is Q-Cauchy sequence in W . 

Proof. By (1), we have  
                                         𝜅(ςm, ςm+1) ≼ 𝛾𝜅(ςm−1, ςm)   ≼ 𝛾2𝜅(ςm−2, ςm−1) 

≼ ⋯   

≼ 𝛾𝑚𝜅(ς0, ς1). (2) 
 

And, 
                                      𝜅(ςm, ςm+2) ≼ 𝛾𝜅(ςm−1, ςm+1)   ≼   𝛾2𝜅(ςm−2, ςm) 

                                                                            ≼ ⋯  

                                                                                         ≼ 𝛾𝑚𝜅(ς0, ς2)             (3) 

Now for the sequence {ςm} we have 𝜅(ςm, ςm+p) in two cases where m, p ∈ N. 

Case 1. If p is odd say 2n + 1, n ∈ N ∪ {0}, then by (1) and the rectangle inequality 

𝜅(ςm, ςm+p)  ≼  κ(ςm, ςm+1) + 𝜅(ςm+1, ςm+2) + 𝜅(ςm+2, ςm+p) 

                ≼   𝜅(ςm, ςm+1) + 𝜅(ςm+1, ςm+2) + 𝜅(ςm+2, ςm+3) + 𝜅(ςm+3, ςm+4) + 𝜅(ςm+4, ςm+p) 

                      ≼  𝜅(ςm, ςm+1) + 𝜅(ςm+1, ςm+2) + · · · + 𝜅(ςm+2n−1, ςm+2n) + 𝜅(ςm+2n, ςm+p)

                       ≼  𝛾𝑚𝜅(𝜍0, 𝜍1) + 𝛾
𝑚+1𝜅(𝜍0, 𝜍1)  +⋯ + 𝛾

𝑚+2𝑛𝜅(𝜍0, 𝜍1)   

                       ≼  {
𝛾𝑚

1− 𝛾
𝜅(𝜍0, 𝜍1)} ↓ 0.                       

Case 2. If p is even say 2n, 1 ≤ n ∈ N, then by (1), (2), (3) and the rectangle inequality 

       𝜅(ςm, ςm+p)  ≼  𝜅(ςm, ςm+2) + 𝜅(ςm+2, ςm+3) + 𝜅(ςm+3, ςm+p) 

≼   𝜅(ςm, ςm+2) + 𝜅(ςm+2, ςm+3) + 𝜅(ςm+3, ςm+4) + 𝜅(ςm+4, ςm+5) + 𝜅(ςm+5, ςm+p) 

≼    𝜅(ςm, ςm+2) + 𝜅(ςm+2, ςm+3) + · · · + 𝜅(ςm+2n−1, ςm+2n) 

≼  𝛾m𝜅(ς0, ς2) + {𝛾m+2 + 𝛾m+3 + · · · + 𝛾m+2n−1}𝜅(ς0, ς1) 

≼ {𝛾𝑚𝜅(𝜍0, 𝜍2) +
𝛾𝑚+2

1 − 𝛾
𝜅(𝜍0, 𝜍2)} ↓ 0.                                                        

This implies that {ςm} is Q-Cauchy sequence in W. 
Theorem 2.2 Let (W, 𝜅, Q) be a complete vector valued RMS with Q-Archimedean and mapping                 
T : W → W satisfies the contractive condition 

𝜅(Tς, T𝜗) ≼ 𝛾H(ς, 𝜗) ∀ ς, 𝜗 ∈ W, 
where  𝛾 ∈ [0, 1)  and  H(ς, 𝜗)  ∈ {κ(ς, 𝜗), κ(ς, Tς), κ(𝜗, T𝜗), κ(𝜗, Tς)}. Then mapping T has a unique 
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fixed point. 
Proof. Let ς0 ∈ W , and let ςm = Tςm−1, m ∈ N. Then 

𝜅(ςm, ςm+1) = 𝜅(Tςm−1, Tςm) ≼ 𝛾H(ςm−1, ςm) 
Where  
H(ςm−1, ςm)    ∈ {𝜅(ςm−1, ςm), 𝜅(ςm−1, Tςm−1), 𝜅(ςm, Tςm), 𝜅(ςm, Tςm−1)} 
                       =     {𝜅(ςm−1, ςm), 𝜅(ςm−1, ςm), 𝜅(ςm, ςm+1), 𝜅(ςm, ςm)} 
                       =   {𝜅(ςm−1, ςm), 𝜅(ςm, ςm+1), 0} 
 The following three cases arise: 
        (i) 𝜅(ςm, ςm+1) ≼ 𝛾𝜅(ςm−1, ςm) 
        (ii) 𝜅(ςm, ςm+1) ≼ 𝛾𝜅(ςm, ςm+1) which gives 𝜅(ςm, ςm+1) = 0. 
        (iii) 𝜅(ςm, ςm+1) ≼ 0. 
Thus  

𝜅(ςm, ςm+1) ≼ 𝛾𝜅(ςm−1, ςm)                     (4) 
where 0 ≤ 𝛾 < 1, then from above lemma 2.1, {ςm} is Q-Cauchy sequence in W . Here W is Q-

complete, so ∃ some s ∈ W  s.t.  𝜍𝑚
𝜅,𝑸
→ 𝑠. Then ∃ a sequence {bm} ∈ Q s.t. bm ↓ 0 and 𝜅(ςm, s) ≼ bm. By 

repeating the process of (4), we get 
𝜅(ςm, ςm+1) ≼ 𝛾𝑚𝜅(ς0, ς1).                      (5) 

We shall now show that s is a fixed point of T. For this 
𝜅(s, Ts)   ≼ 𝜅(s, ςm) + 𝜅(ςm, ςm+1) + 𝜅(ςm+1, Ts) 

        ≼  bm + 𝛾𝑚𝜅(ς0, ς1) + 𝜅(Tςm, Ts) 
      ≼  bm + 𝛾𝑚𝜅(ς0, ς1) + 𝛾H(ςm, s) 

 
where  H(ςm, s) ∈ {𝜅(ςm, s), 𝜅(ςm, Tςm), 𝜅(s, Ts), 𝜅(s, Tςm)}. 
We have the following four cases: 
 Case 1. If H(ςm, s) = 𝜅(ςm, s). Then 
                                                    𝜅(s, Ts)  ≼  bm + 𝛾𝑚𝜅(ς0, ς1) + 𝛾𝜅(ςm, s) 

      ≼ { (1 + 𝛾)𝑏𝑚 + 𝛾
𝑚𝜅(𝜍0, 𝜍1)} ↓ 0 

  where bm ↓ 0 and 𝛾 < 1. 
 
Case 2. If H(ςm, s) = 𝜅(ςm, Tςm). Then 
 

𝜅(s, Ts)  ≼  bm + 𝛾𝑚𝜅(ς0, ς1) + 𝛾𝜅(ςm, Tςm) 
                 ≼ bm + 𝛾𝑚𝜅(ς0, ς1) + 𝛾𝑚+1𝜅(ς0, ς1) 

         ≼ { 𝑏𝑚 +
𝛾𝑚

1 − 𝛾
𝜅(𝜍0, 𝜍1)} ↓ 0 

Case 3. If H(ςm, s) = 𝜅(s, Ts)). Then 
𝜅(s, Ts)   ≼  bm + 𝛾𝑚𝜅(ς0, ς1) + 𝛾𝜅(s, Ts) 

                          ≼ {
1

1 − 𝛾
𝑏𝑚 +

𝛾𝑚

1 − 𝛾
𝜅(𝜍0, 𝜍1)} ↓ 0 

Case 4. If H(ςm, s) = 𝜅(s, Tςm). Then 
𝜅(s, Ts)  ≼  bm + 𝛾𝑚𝜅(ς0, ς1) + 𝛾𝜅(s, Tςm) 
               =  bm + 𝛾𝑚𝜅(ς0, ς1) + 𝛾𝜅(s, ςm+1) 

                                                                          ≼  bm + 𝛾𝑚𝜅(ς0, ς1) + 𝛾bm+1 
                                                                          ≼ { (1 + 𝛾)𝑏𝑚 + 𝛾

𝑚𝜅(𝜍0, 𝜍1)} ↓ 0     (∵ bm+1 ≼ bm) 
This implies 𝜅(s, Ts) = 0 so Ts = s. Hence T has a fixed point. To prove the uniqueness of s, let if 
possible u is another fixed point of T. Then Tu = u we get 

𝜅(s, u) = 𝜅(Ts, Tu) ≼ 𝛾H(s, u) 
where 

H(s, u) ∈ {𝜅(s, u), 𝜅(s, Tu), 𝜅(u, Tu), 𝜅(r, Tu)} 
                                                                     =  {𝜅(s, u), 0} 
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This implies 𝜅(s, u) = 0 and so s = u. Hence T has fixed point which is unique. 
Theorem 2.3. Let (W, 𝜅, Q) be a complete vector valued RMS with Q-Archimedean and the 
mapping         T : W → W satisfies the contractive condition 

𝜅(Tς, T𝜗) ≼ 𝛾H(ς, 𝜗) ∀ ς, 𝜗 ∈ W, 
where  𝛾 ∈ [0, 1)  and   

H(ς, 𝜗)  ∈ {
1

2
(𝜅(ς,T𝜍)+ 𝜅(𝜗,T𝜗)), 

1

2
(𝜅(𝜗,Tς)+ 𝜅(𝜗,T𝜗)), 

1

 2
(𝜅(𝜗, T𝜍)+ 𝜅(𝜍, Tς))}. 

Then mapping T has a  unique fixed point. 
Proof. Let ς0 ∈ W , and let ςm = Tςm−1, m ∈ N. Then 

𝜅(ςm, ςm+1) = 𝜅(Tςm−1, Tςm) ≼ 𝛾H(ςm−1, ςm) 
where 

H(𝜍𝑚−1 ,𝜍𝑚)  ∈  {
1

2
(𝜅(𝜍𝑚−1,T𝜍𝑚−1)+ 𝜅(𝜍𝑚,T𝜍𝑚)), 

1

2
(𝜅(𝜍𝑚,T𝜍𝑚−1)+ 𝜅(𝜍𝑚,T𝜍𝑚)), 

1

 2
(𝜅(𝜍𝑚, T𝜍𝑚−1)+ 𝜅(𝜍𝑚−1, T𝜍𝑚−1))}                 

                                                   =   {
1

2
(𝜅(𝜍𝑚−1,𝜍𝑚)+ 𝜅(𝜍𝑚,𝜍𝑚+1)), 

1

2
(𝜅(𝜍𝑚, 𝜍𝑚)+ 𝜅(𝜍𝑚, 𝜍𝑚+1)), 

1

 2
(𝜅(𝜍𝑚, 𝜍𝑚)+ 𝜅(𝜍𝑚−1, 𝜍𝑚))}                           

                        =   {
1

2
(𝜅(𝜍𝑚−1,𝜍𝑚)+ 𝜅(𝜍𝑚,𝜍𝑚+1)), 

1

2
𝜅(𝜍𝑚, 𝜍𝑚+1), 

1

 2
𝜅(𝜍𝑚−1, 𝜍𝑚)}. 

The following three cases arise: 

(i)  𝜅(ςm, ςm+1) ≼ 
𝛾

2 
 (𝜅(ςm−1, ςm) + 𝜅(ςm, ςm+1))  

      implies 

𝜅(𝜍𝑚, 𝜍𝑚+1) ≼
𝛾

2−𝛾
𝜅(𝜍𝑚−1, 𝜍𝑚)   where  

𝛾

2−𝛾
< 1.  

(ii) 𝜅(ςm, ςm+1) ≼ 
𝛾

2
𝜅(ςm, ςm+1) which gives 𝜅(ςm, ςm+1) = 0. 

(iii) 𝜅(ςm, ςm+1) ≼ 
𝛾

2
𝜅(ςm−1, ςm). 

Thus  

𝜅(ςm, ςm+1) ≼ 𝜆𝜅(ςm−1, ςm)   where 𝜆 ∈ {
𝛾

2
,

𝛾

2−𝛾
} < 1  since 𝛾 < 1.        (6) 

where 0 ≤ 𝛾 < 1, then from above lemma 2.1, {ςm} is Q-Cauchy sequence in W . Here W is Q-

complete, so ∃ some s ∈ W s.t.  𝜍𝑚
𝜅,𝑸
→ 𝑠. Then ∃ a sequence {bm} ∈ Q s.t. bm ↓ 0 and 𝜅(ςm, s) ≼ bm. By 

repeating the process of (6), we get 
𝜅(ςm, ςm+1) ≼ 𝜆𝑚𝜅(ς0, ς1). 

We shall now show that s is a fixed point of T . For this, we have  
𝜅(s, Ts)   ≼ 𝜅(s, ςm) + 𝜅(ςm, ςm+1) + 𝜅(ςm+1, Ts) 

        ≼  bm + 𝜆𝑚𝜅(ς0, ς1) + 𝜅(Tςm, Ts) 
      ≼  bm + 𝜆𝑚𝜅(ς0, ς1) + 𝛾H(ςm, s) 

where H(ςm, s)  ∈ {
1

2
(𝜅(ςm,Tςm)+ 𝜅(s,Ts)), 

1

2
(𝜅(s,Tςm)+ 𝜅(s,Ts)), 

1

 2
(𝜅(s, Tςm)+ 𝜅(ςm,Tςm))}. 

 We have the following three cases: 

Case 1. If H(ςm, s) = 
1

2
(κ(ςm, Tςm) + κ(s, Ts)). 

Then 

𝜅(s, Ts)   ≼ bm + 𝜆𝑚𝜅(ς0, ς1) + 
𝛾

2
(κ(ςm, Tςm) + κ(s, Ts)) 

                  ≼  
2

2−𝛾
 bm + 

2

2−𝛾
𝜆𝑚𝜅(ς0, ς1) + 

𝛾

2−𝛾
𝜆𝑚𝜅(ς0, ς1) 

 = {
2

2−𝛾
 𝑏𝑚 +

2+𝛾

2−𝛾
𝜆𝑚𝜅(𝜍0, 𝜍1) } ↓ 0 

where bm ↓ 0 and λm𝜅(ς0, ς1) ↓ 0. 

Case 2. If H(ςm, s) = 
1

2
(𝜅(s,Tςm)+ 𝜅(s,Ts)). Then 

𝜅(s, Ts)   ≼  bm + 𝜆𝑚𝜅(ς0, ς1) + 
𝛾

2
(𝜅(s,Tςm)+ 𝜅(s,Ts)) 

               = 
2

2−𝛾
 bm + 

2

2−𝛾
𝜆𝑚𝜅(ς0, ς1) + 

𝛾

2−𝛾
𝜅(s,ςm+1) 
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       ≼ 
2

2−𝛾
 bm + 

2

2−𝛾
𝜆𝑚𝜅(ς0, ς1) + 

𝛾

2−𝛾
 bm+1 

           ≼ {
2 + 𝛾

2 − 𝛾
 𝑏𝑚 +

2

2 − 𝛾
𝜆𝑚𝜅(𝜍0, 𝜍1) } ↓ 0 

Case 3. If H(ςm, s) = 
1

 2
(𝜅(s, Tςm)+ 𝜅(ςm,Tςm)). Then 

𝜅(s, Ts)   ≼  bm + 𝜆𝑚𝜅(ς0, ς1) + 
𝛾

 2
(𝜅(s, Tςm)+ 𝜅(ςm,Tςm)) 

                   ≼   bm + 𝜆𝑚𝜅(ς0, ς1) + 
𝛾

 2
𝜅(s, ςm+1)+ 

𝛾

 2
𝜅(ςm,ςm+1) 

           ≼   bm + 𝜆𝑚𝜅(ς0, ς1) + 
𝛾

 2
 bm+1 +

𝛾

 2
𝜆𝑚𝜅(ς0, ς1) 

≼  bm + 
2+𝛾

2
𝜆𝑚𝜅(ς0, ς1) + 

𝛾

 2
𝑏𝑚             

    = {
2 + 𝛾

2
𝑏𝑚 + 

2 + 𝛾

2
𝜆𝑚𝜅(𝜍0, 𝜍1}  

=
2+ 𝛾

2
{ 𝑏𝑚 + 𝜆

𝑚𝜅(𝜍0, 𝜍1} ↓ 0. 

This implies 𝜅(s, Ts) = 0 so Ts = s. Hence T has a fixed point s. 
Next we shall prove the uniqueness of𝑠. Let if possible, assume that 𝑢 is another fixed point 
of 
T. Implies T𝑢 = 𝑢 we get 

𝜅(𝑠, 𝑢) = 𝜅(T𝑠, T𝑢) ≼ 𝛾H(𝑠, 𝑢) 
where   

H(𝑠, 𝑢) ∈ {
1

2
(𝜅(𝑠,T𝑠)+ 𝜅(𝑢,T𝑢)), 

1

2
(𝜅(𝑢,T𝑠)+ 𝜅(𝑢,T𝑢)), 

1

 2
(𝜅(𝑢, T𝑠)+ 𝜅(𝑠, T𝑠))} 

                                       = {
1

2
𝜅(𝑠, 𝑢), 0} 

This implies 𝜅(𝑠, 𝑢) = 0 and so 𝑠 = 𝑢. Hence T has a unique fixed point. 
Theorem 2.4. Let (W, 𝜅, Q) be a complete vector valued RMS with Q-Archimedean and           
mapping T : W → W satisfies the contractive condition 
                            𝜅(Tς, T𝜗) ≼ 𝑎1max{𝜅(ς, ϑ), 𝜅(ς, Tς), 𝜅(ϑ, Tϑ)} + 𝑎2{𝜅(ς, ϑ) + 𝜅(ϑ, Tς)} 

                            + 𝑎3{𝜅(ς, Tς) + 𝜅(𝜗, Tς)} + 𝑎4{𝜅(𝜗, T𝜗) + 𝜅(𝜗, Tς)}     ∀ ς, 𝜗 ∈ W 
where 0 < 𝑎1, 𝑎2, 𝑎3, 𝑎4 and  𝑎1 + 2𝑎2 + 𝑎3 + 𝑎4 < 1. Then T has a unique fixed point. 
Proof. Let ς0 ∈ W and let ςm = Tςm−1, m ∈ N. Then 
            𝜅(ςm, ςm+1)  =   𝜅(Tςm−1, Tςm) 
                                 ≼   𝑎1max{𝜅(ςm−1, ςm), 𝜅(ςm−1, Tςm−1), 𝜅(ςm, Tςm)} + 𝑎2{𝜅(ςm−1, ςm)+ 𝜅(ςm, 
Tςm−1)} 
                                      + 𝑎3{𝜅(ςm−1, Tςm−1) + 𝜅(ςm, Tςm−1)} + 𝑎4{𝜅(ςm, Tςm) + 𝜅(ςm, Tςm−1)} 
                                = 𝑎1max{𝜅(ςm−1, ςm), 𝜅(ςm−1, ςm), 𝜅(ςm, ςm+1)} + 𝑎2{𝜅(ςm−1, ςm) + 𝜅(ςm, ςm)} 
                                      + 𝑎3{𝜅(ςm−1, ςm) + 𝜅(ςm, ςm)} + 𝑎4{𝜅(ςm, ςm+1) + 𝜅(ςm, ςm)} 
                                = 𝑎1max{𝜅(ςm−1, ςm), 𝜅(ςm, ςm+1)} + 𝑎2𝜅(ςm−1, ςm) + 𝑎3𝜅(ςm−1, ςm) + 𝑎4𝜅(ςm, 
ςm+1) 
                                =   𝑎1max{ 𝜅(ςm−1, ςm), 𝜅(ςm, ςm+1)} + (𝑎2 + 𝑎3)𝜅(ςm−1, ςm) + 𝑎4𝜅(ςm, ςm+1).
 (7)  
The following two cases arise: 
Case 1. If max{𝜅(ςm−1, ςm), 𝜅(ςm, ςm+1)} = 𝜅(ςm−1, ςm). 
Then (7) implies 

𝜅(ςm, ςm+1) ≼ 𝑎1𝜅(ςm−1, ςm) + (𝑎2 + 𝑎3)𝜅(ςm−1, ςm) + 𝑎4𝜅(ςm, ςm+1) 
which gives 

𝜅(𝜍𝑚, 𝜍𝑚+1) ≼
𝑎1+𝑎2+𝑎3

1−𝑎4
𝜅(ςm−1, ςm)    where  

𝑎1+𝑎2+𝑎3

1−𝑎4
 <  1. 

Case 2. If max{𝜅(ςm−1, ςm), 𝜅(ςm, ςm+1)} = 𝜅(ςm, ςm+1). 
Then (7) implies 

𝜅(ςm, ςm+1) ≼ 𝑎1𝜅(ςm, ςm+1) + (𝑎2 + 𝑎3)𝜅(ςm−1, ςm) + 𝑎4𝜅(ςm, ςm+1) 
which gives 
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𝜅(𝜍𝑚, 𝜍𝑚+1) ≼
𝑎2+𝑎3

1−𝑎1−𝑎4
𝜅(ςm−1, ςm)    where  

𝑎2+𝑎3

1−𝑎1−𝑎4
< 1. 

From above two cases, we have 

𝜅(ςm, ςm+1) ≼ 𝜆𝜅(ςm−1, ςm)  where 𝜆 ∈ {
𝑎1+𝑎2+𝑎3

1−𝑎4
,
𝑎2+𝑎3

1−𝑎1−𝑎4
} < 1.          (8) 

where 0 ≤ 𝛾 < 1, then from lemma 2.1, {ςm} is Q-Cauchy sequence in W. Here W is Q-

complete, so ∃ some s ∈ W s.t. 𝜍𝑚
𝜅,𝑸
→ 𝑠. Then ∃ a sequence {bm} ∈ Q s.t. bm ↓ 0 ∈ Q s.t. bm ↓ 0 

and 𝜅(ςm, s) ≼ bm. By repeating the process of (8), we get 
𝜅(ςm, ςm+1) ≼ 𝜆𝑚𝜅(ς0, ς1).                      (9) 

We shall now show that s is a fixed point of T . Now
               𝜅(s, Ts)   ≼  𝜅(s, ςm) + 𝜅(ςm, ςm+1) + 𝜅(ςm+1, Ts) 
                                ≼  bm + 𝜆𝑚𝜅(ς0, ς1) + 𝜅(Tςm, Ts) 
                                ≼   bm + 𝜆𝑚𝜅(ς0, ς1) + 𝑎1max{𝜅(ςm, s), 𝜅(ςm, Tςm), 𝜅(s, Ts)} + 𝑎2{𝜅(ςm, s) + 𝜅(s, 
Tςm)} 
                                     + 𝑎3{𝜅(ςm, Tςm) + 𝜅(s, Tςm)} + 𝑎4{𝜅(s, Ts) + 𝜅(s, Tςm)} 
                               =    bm + 𝜆𝑚𝜅(ς0, ς1) + 𝑎1max{𝜅(ςm, s), 𝜅(ςm, ςm+1), 𝜅(s, Ts)} + 𝑎2{𝜅(ςm, s) + 𝜅(s, 
ςm+1)} 
                                     + 𝑎3{𝜅(ςm, ςm+1) + 𝜅(s, ςm+1)} + 𝑎4{𝜅(s, Ts) + 𝜅(s, ςm+1)} 
                               ≼    bm + 𝜆𝑚𝜅(ς0, ς1) + 𝑎1max{𝜅(ςm, s), 𝜅(ςm, ςm+1), 𝜅(s, Ts)} + 𝑎2(bm + bm+1) 
                                     + 𝑎3𝜆

𝑚𝜅(ς0, ς1) + 𝑎3bm+1 + 𝑎4𝜅(s, Ts) + 𝑎4bm+1 

                               ≼ 
1+2𝑎2+𝑎3+𝑎4

1−𝑎4
 bm + 

1+𝑎3

1−𝑎4
𝜆𝑚𝜅(ς0, ς1) + 

𝑎1

1−𝑎4
 max{𝜅(ςm, s), 𝜅(ςm, ςm+1), 𝜅(s, Ts)

We have the following three cases: 
Case 1. If max{𝜅(ςm, s), 𝜅(ςm, ςm+1), 𝜅(s, Ts)} = 𝜅(ςm, s). Then, we have 

𝜅(s, Ts)    ≼   
1+2𝑎2+𝑎3+𝑎4

1−𝑎4
 bm + 

1+𝑎3

1−𝑎4
𝜆𝑚𝜅(ς0, ς1) + 

𝑎1

1−𝑎4
 𝜅(ςm, s) 

                             ≼ {
1 + 𝑎1 + 2𝑎2 + 𝑎3 + 𝑎4

1 − 𝑎4
𝑏𝑚 + 

1 + 𝑎3
1 − 𝑎4

𝜆𝑚𝜅(𝜍0, 𝜍1)} ↓ 0 

where bm ↓ 0 and λm 𝜅(ς0, ς1) ↓ 0
Case 2.  If max{𝜅(ςm, s), 𝜅(ςm, ςm+1), 𝜅(s, Ts)} = 𝜅(ςm, ςm+1). 
Then 

𝜅(s, Ts)    ≼   
1+2𝑎2+𝑎3+𝑎4

1−𝑎4
 bm + 

1+𝑎3

1−𝑎4
𝜆𝑚𝜅(ς0, ς1) + 

𝑎1

1−𝑎4
 𝜅(ςm, ςm+1) 

            ≼  
1+2𝑎2+𝑎3+𝑎4

1−𝑎4
 bm + 

1+𝑎3

1−𝑎4
𝜆𝑚𝜅(ς0, ς1) + 

𝑎1

1−𝑎4
 𝜅(ς0, ς1) 

                                                   =  {
1+2𝑎2+𝑎3+𝑎4

1−𝑎4
𝑏𝑚 + 

1+𝑎3+𝑎1

1−𝑎4
𝜆𝑚𝜅(𝜍0, 𝜍1)} ↓ 0 

Case 3.  If max{𝜅(ςm, s), 𝜅(ςm, ςm+1), 𝜅(s, Ts)} = 𝜅(s, Ts). Then 

𝜅(s, Ts)    ≼   
1+2𝑎2+𝑎3+𝑎4

1−𝑎4
 bm + 

1+𝑎3

1−𝑎4
𝜆𝑚𝜅(ς0, ς1) + 

𝑎1

1−𝑎4
 𝜅(s, Ts) 

         = {
1+2𝑎2+𝑎3+𝑎4

1−𝑎4
𝑏𝑚 + 

1+𝑎3

1−𝑎1−𝑎4
𝜆𝑚𝜅(𝜍0, 𝜍1)} ↓ 0. 

Then from above three cases, we have 𝜅(s, Ts) = 0 so Ts = s. Hence s is a fixed point of T. 
Now we shall show that s is unique. Let, if possible, assume that u is another fixed point of T.  
Implies Tu = u we get 
             𝜅(s, u)  =     𝜅(Ts, Tu) 
                          ≼  𝑎1max{𝜅(s, u), 𝜅(s, Ts), 𝜅(u, Tu)} + 𝑎2{𝜅(s, u) + 𝜅(u, Ts)} + 𝑎3{𝜅(s, Ts) + 𝜅(u, 
Ts)} 
                               + a4{𝜅(u, Tu) + 𝜅(u, Ts)} 
                          =   𝑎1𝜅(s, u) + 𝑎2{𝜅(s, u) + 𝜅(u, s)} + 𝑎3𝜅(u, Ts) + 𝑎4𝜅(u, s) 
                          =   (1 + 2𝑎2 + 𝑎3 + 𝑎4) 𝜅(s, u). 
Since 1 + 2𝑎2 + 𝑎3 + 𝑎4 <  1, this implies 𝜅(s, u) = 0 and so s = u. Hence T has a unique fixed 
point. 
Theorem 2.5. Let (W, 𝜅, Q) be a complete vector valued RMS with Q-Archimedean and 
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mapping       T : W → W satisfies the contractive condition 
𝜅(Tς, T𝜗)  ≼  α1 𝜅(ς, ϑ) + α2 𝜅(ς, Tς) + α3 𝜅(ϑ, Tϑ) ∀ ς, ϑ ∈ W 

where 0 < α1, α2, α3 with ∑ 𝛼𝑖
3
𝑖=1 < 1. Then T has a unique fixed point. 

Proof. Let ς0 ∈ W and let Tςm−1, m ∈ N. Then 
𝜅 (𝜍𝑚, 𝜍𝑚+1)  =   𝜅(Tςm−1, Tςm) 

                                                                                  ≼  α1 𝜅(ςm−1, ςm) + α2 𝜅(ςm−1, Tςm−1) + α3 𝜅(ςm, Tςm) 
                                                                           =   α1 𝜅(ςm−1, ςm) + α2 𝜅(ςm−1, ςm) + α3 𝜅(ςm, ςm+1) 

                          =
α1+α2

1−α3 
 𝜅(ςm−1, ςm) 

which implies 

𝜅(ςm−1, ςm) ≼  
α1+α2

1−α3 
 𝜅(ςm−1, ςm)                   (10) 

Also 
𝜅(ςm+1, ςm)   =    𝜅(Tςm, Tςm−1) 

                                                                                 ≼  α1 𝜅(ςm, ςm−1) + α2 𝜅(ςm, Tςm) + α3 𝜅(ςm−1, Tςm−1) 
                                                                            =  α1 𝜅(ςm−1, ςm) + α2 𝜅(ςm, ςm+1) + α3 𝜅(ςm−1, ςm) 

                            =
α1+α3

1−α2 
 𝜅(ςm−1, ςm) 

which implies 

𝜅(𝜍𝑚+1 , 𝜍𝑚) ≼
α1+α3

1−α2 
 𝜅(ςm−1, ςm)                        (11) 

By combining (10) and (11), we get 
𝜅(ςm, ςm+1) ≼ λ𝜅(ςm−1, ςm).                             (12) 

where 

𝜆 = max{
𝑎1+𝑎2

1−𝛼3
,
𝑎1+𝑎3

1−𝛼2
} < 1.             

where 0 ≤ 𝛾 < 1, then from lemma 2.1, {ςm} is Q-Cauchy sequence in W. Here W is Q-

complete, so ∃ some s ∈ W s.t. 𝜍𝑚
𝜅,𝑸
→ 𝑠. Then ∃ a sequence {bm} ∈ Q s.t. bm ↓ 0 ∈ Q s.t. bm ↓ 0 

and 𝜅(ςm, s) ≼ bm. By repeating the process of (12), we get 
𝜅(ςm, ςm+1) ≼ 𝜆𝑚𝜅(ς0, ς1). 

We shall now show that s is a fixed point of T . For this, we have 
𝜅(s, Ts)    ≼  𝜅(s, ςm) + 𝜅(ςm, ςm+1) + 𝜅(ςm+1, Ts) 

         ≼  bm + 𝜆𝑚𝜅(ς0, ς1) + 𝜅(Tςm, Ts) 
                                                             ≼  bm + 𝜆𝑚𝜅(ς0, ς1) + α1 𝜅(ςm, s) + α2 𝜅(ςm, ςm+1) + α3 𝜅(s, Ts) 

                                                   ≼ bm +𝜆𝑚𝜅(ς0, ς1) + α1 bm + 𝜆𝑚α2 𝜅(ς0, ς1) + α3 𝜅(s, Ts) 

                                                                   = {
1+𝑎1

1−𝑎3
𝑏𝑚 + 

1+𝑎2

1−𝑎3
𝜆𝑚𝜅(𝜍0, 𝜍1)} ↓ 0. 

This gives κ(s, Ts) = 0, so Ts = s. Hence T has a fixed point s. 
We shall now show the uniqueness of s. Let, if possible, assume that u is another fixed point 
of 
T. Then Tu = u we get 

𝜅(s, u)  =     𝜅(Ts, Tu) 
                                                          ≼  α1 𝜅(s, u) + α2 𝜅(s, Ts) + α3 𝜅(u, Tu) 

             =   α1 𝜅(s, u). 
Since 0 ≤ α1 < 1, this implies 𝜅(s, u) = 0 and so s = u. Hence T has a unique fixed point. 
Corollary 2.6.  Let (W, 𝜅, Q) be a complete vector valued RMS with Q-Archimedean and 
mapping      T : W → W satisfies the contractive condition 

𝜅(Tς, T𝜗) ≼ 𝛾𝜅(ς, 𝜗)    ∀ ς, 𝜗 ∈ W, 
where  𝛾 ∈ [0, 1) Then T has a unique fixed point in W . 
This is Banach Contraction principle for vector valued rectangular metric space. 
Proof. Result follows by taking α1 = 𝛾,  α2 = α3 = 0 in Thm. 2.5. 
Corollary 2.7. Let (W, 𝜅, Q) be a complete vector valued RMS with Q-Archimedean and 
mapping      T : W → W satisfies the contractive condition 
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𝜅(Tς, T𝜗) ≼ 𝛾(𝜅(Tς, ς ) + 𝜅(T 𝜗, 𝜗 ) )          ∀ ς, 𝜗 ∈ W, 

where 𝛾 ∈ [0, 
1

2
) Then T has a unique fixed point in W . 

This result is Κannan Type contraction for vector valued rectangular metric space. 
Proof. Result follows by taκing α2 = α3 = γ, α1 = 0 in Thm. 2.5. 
Corollary 2.8. Let (W, 𝜅, Q) be a complete vector valued RMS with Q-Archimedean and 
mapping        T : W → W satisfies the contractive condition 

𝜅(Tς, T𝜗) ≼ 𝛾(𝜅(ς, 𝜗) +  (ς, Tς ) + 𝜅(𝜗, 𝑇𝜗) )          ∀ ς, 𝜗 ∈ W, 

where  𝛾 ∈ [0, 
1

3
) Then T has a unique fixed point in W . 

Proof. Result follows by taκing α1 = α2 = α3 = 𝛾 in Thm. 2.5. 
Examle 2.9.  Let W = {ς ∈ N : 2 ≤ ς  < 7}, Q = R2 and 𝜅 : W × W  → Q be defined as: 
κ(ς, 𝜗) = κ(𝜗, ς) and 

𝜅(𝜍, 𝜗) = 

{
 
 

 
 
(0,0)  𝑖𝑓 𝜍 = 𝜗,                                 
(4,8) 𝑖𝑓 𝜍 = 2 𝑎𝑛𝑑 𝜗 = 3,             
(2,3) 𝑖𝑓 𝜍 = {2,3}𝑎𝑛𝑑 𝜗 = 4,      
(1,3) 𝑖𝑓 𝜍 = {2,3,4}𝑎𝑛𝑑 𝜗 = 5,   
(4,6) 𝑖𝑓 𝜍 = {2,3,4,5}𝑎𝑛𝑑 𝜗 = 6.

 

Then (W,  𝜅, Q) is vector valued RMS. but not vector metric space since 
(2, 6) = 𝜅(2, 5) + 𝜅(5, 3) ≺ 𝜅(2, 3) = (4, 8). 

Now take a self mapping T on W which define as: 

T𝜍 = {
4  𝑖𝑓 𝜍 ≠ 6
3  𝑖𝑓 𝜍 = 6

 

Then 𝜅(T 2, T 3) = 𝜅(T 2, T 4) = 𝜅(T 2, T 5) = 𝜅(T 3, T 4) = 𝜅(T 3, T 5) = 𝜅(T 4, T 5) = (0, 0) 
and in all other cases 

𝜅(T 2, T 6) = 𝜅(T 3, T 6) = 𝜅(T 4, T 6) = 𝜅(T 5, T 6) = 𝜅(4, 3) = (2, 3), and 
𝜅(2, 6) = 𝜅(3, 6) = 𝜅(4, 6) = 𝜅(5, 6) = (4, 6). 

Then for 𝛾 ∈ [
1

2
, 1) shows that T satisfies the conditions of Cor. 2.6. and ς = 4 is its unique 

fixed 
 point. 
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